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Abst raet - -A  mechanistic approach to the size distribution of fish schools foraging in patchy 
environment is presented. Because many schools nomadize in a limited area, interaction between 
schools occurs so that two of them meet and join, or so that a school splits into smaller ones. 
This problem is assumed to be described by a Markov process model, where it is asked about the 
probability that a fish engages in schools of social size N. The stationary distribution ofschool size 
which is realized with an overwhelming probability isgiven by the use of the H-theorem subject to two 
constraints: the probability distribution is normalized and the population-mean size of school is kept 
fixed constant. In order to determine the joining or splitting rates of schools, the schooling behavior 
is mechanistically investigated by examining the function on the foraging for patchily distributed 
food resources. The most frequently observed size of schools is likely to be regulated by food supply. 
Faced with a decreasing food supply, the most probable size becomes larger. Moreover, the existence 
of the optimal school size maximizing the long-term average rate of per capita net energy intake is 
elucidated. This paper deals with the connection between individual-level performance and patterns 
at the population level, offering the method to couple the ecologically scaled schooling behavior 
(i.e., school size distribution) with the environmental condition (i.e., food supply). Data on the size 
distribution ofschools are fitted to the theoretical result fairly well. 
geywords - -F i sh  school, Size distribution, Foraging. 
1. INTRODUCTION 
Pelagic fish commonly cruise as a school. The survival and reproduction rate of pelagic schooling 
fish, especially migratory species, will depend on their success at locating food resources (e.g., 
p lankton patches randomly distr ibuted in a feeding sea-area). This success is determined largely 
by the manner  in which individual fish search for food. The foraging efficiency of fish is improved 
by schooling [1]. The per capita food (gross energy) intake increases with the social size of school, 
but  some cost, such as intraspecific competit ion for food or energy expenditure for a unit  revenue 
increase as well. Efficient predators, therefore, swim together forming a school of the size which 
maximizes the long-term average rate of per capita net energy intake, that  is, a school of optimal 
size. School sizes in the wild should therefore be the social opt imum. 
Fish schools show variety in size. Acoustical observations for many migratory species revealed 
that  the dimensional size distr ibut ion of schools (e.g., vertical thickness or horizontal cross section) 
shows a well-defined peak frequency and that  the size frequency decreases towards larger and 
smaller size in an exponential- l ike manner  [2]. As many schools nomadize in a l imited feeding 
area, interact ion between schools occurs so that  two of them meet and join, or so that  a large 
school splits into smaller ones. These processes may lead fish to schools of the optimal size in a 
sense of the long-term average. Most individuals are then supposed to engage in schools of the 
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optimal size. In this paper, a mechanistic theory is developed which explains the size distribution 
of fish schools observed in a feeding area by inquiring the foraging function of schooling. The 
model offers a possible xplanation for adaptive advantages of schooling behavior of fish on the 
foraging for food distributed patchily. 
Average school sizes differ significantly among regions, seasons and years [3]. The optimal size 
is determined by an interplay between individual behavior and patch dynamics of prey animal. 
Individual foraging behavior in response to other individuals and environmental productivity 
ultimately results in group-level and population-level properties, i.e., optimal organization of 
the school and size distribution patterns. Therefore, for understanding the ecological effects of 
foraging behavior which arise at the population level, it is necessary to bridge the hierarchical 
gap between the individual-level performance of foraging and the distribution pattern of school 
size at the population level. 
2. S IZE  D ISTRIBUT ION OF  SCHOOLS 
Two schools of various izes randomly meet and unite, or a large school splits into smaller ones 
of various sizes possible. An assembly of schools in a limited area thus changes the population 
mean of the school size. Here we completely ignore the detailed interaction mechanisms of 
schools in the assembly. We rather treat the mechanisms in a very global manner which assumes 
an equilibrium state of the large assembly of schools. The stationary size distribution P(N) is 
then determined as for an equilibrium system with given constraints. 
Schools of a given size are supposed to split and join with another schools at characteristic rates 
depending on inherent schooling dynamics, environmental perturbations and meeting chances. 
The processes controlling the school size could be reduced to a generalized diffusion problem in 
an abstract space. It is assumed that this problem is described by a Markov process model, 
where we investigate he probability that a fish engages in schools of size N. Let P(N, t) be the 
probability of finding the fish in schools of size N at a time t in a limited feeding area, engaging 
Markovian transitions. The probability P(N, t), viz., the ratio of population in N-fish schools to 
total population increases due to transitions from other size N' to the size under consideration. 
It decreases due to transitions leaving the size. The probability distribution P(N, t) then satisfies 
a master equation 
OO OO 
d p(N't) = E m(N,N')P(N',t)- P(N,t) E m(N',N), (1) 
NJ=I N'=I 
where re(N, N') is the incoming transition probability per unit time to pass from N' to N. 
ENC*~=I ~Ft(N t,N) expresses the outgoing transitions via fission or fusion of N-fish schools, i.e., 
the decay rate of an N-fish school. The following inequality, i.e., H-theorem, then holds [4]: 
d P(N, t) In P(N,t) < 0. (2) 
dt - 
From the master equation (1) the population mean size of school changes as follows: 
dNp(t) 
d------~ = E {Nm(N, N')P(N',t) - Nm(N',N)P(N,t)}, (3) 
N,NI=I 
where -Np(t) -- EN%I NP(N, t). Assuming stochastic incomings of population i N-fish schools 
yield the basic dynamic equation describing the systematic evolution of the mean size: 
dNp(t) _a2(t) drh(N) + ~/(t), (4) 
= ~ g=~.(t)  f l y  
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providing that P(N, t) is strongly peaked at the population mean size Np(t), where rh(N) [-  
~]°~,=1 m(N', N)] gives the decay rate of an N-fish school, a2(t) is the variance of school size, i.e., 
a~(t) =_ ~=I [N- -Np( t ) ]2P(  N, t), and n(t) is a s tochast ic  part with zero mean (see Appendix A 
for details). This equation tells that the mean school size evolves toward the size minimizing the 
decay rate rh(N)p. 
Because in the stationary size distribution of schools the population-mean size is a fixed con- 
stant, the population mean of decay rate of a school is kept fixed at minimum 
oo 
Z P(N)rh(N) = fn(N)p ~- rh(Np), (5) 
N=I  
where Np denotes the population-mean size of school in equilibrium. Then we will find the 
stationary distribution realized with an overwhelming probability for which the term in braces 
of equation (2), i.e., 
oo 
H - E P(N) In P(N), (6) 
N=I  
is a minimum under the constraint that the mean decay-rate ~(Np) is given, i.e., the population- 
mean size of school is kept fixed constant. We further add a "natural" constraint 
oo 
E P(N) = 1, (7) 
N=I  
i.e., the probability distribution is normalized. The problem of finding a minimum of equation (6) 
under the constraints (5) and (7) can be solved by using the Lagrange's method of undetermined 
multipliers [4,5]. This method consists in multiplying equations (5) and (7) by still unknown 
parameters fl and E, and adding them to the r.h.s, of equation (6) now requiring that the total 
expression becomes a minimum. Here we are now allowed to vary the P(N)'s independently of
each other (N = 1, 2, . . .  ), not taking into account he constraints equations (5) and (7). The 
stationary size distribution is then given by 
P(Y) = Z -1 exp[-D~h(N)], (8) 
where z - l ( _  -- exp[-(E + 1)]) is a normalization factor. Then equation (5) leads immediately to 
01n Z 
~n(Yg) - OFt " (9) 
Since the 1.h.s. of equation (9) is prescribed (compare (5)) and Z is given by ~N exp[-ftrh(N)] 
which is a function of the f~ in a special form, equation (9) is a concise form for an equation for 
the ft. Then the stationary size-frequency distribution, i.e., the fraction of schools having size N, 
is given by 
W(N) - .AlP(N) 
N ' (10) 
where Af is a normalization factor. 
The crux to derive the basic dynamic equation governing a population-mean size of school is 
not so much writing down the expression as equation (4), but to determine the change rate of 
population-mean size, -a2p(t)rh'(-Np(t)), explicitly. In this paper, we do not derive the transition 
rate m(N ~, N) from first principles, i.e., schooling dynamics, but we write down the decay rate 
rh(N) by means of plausibility arguments. 
The probability of finding the fish in N-fish schools at a time t decreases according to the 
statistical law: 
dwN 
dt = --~(Y)wy(t). (11) 
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The decay rate of an N-fish school then takes the form 
~(N)  = - d In WN (t). (12) 
In order to obtain the probability of the fish remaining at size N after time t, wN(t), we 
now investigate the foraging behavior of fish over large distances for food resources distributed 
patchily. When a fish school encounters a prey (plankton) patch, the school breaks up and fish 
begin to exploit the patch. When the prey density in a patch becomes a certain value and the 
capture rate fails below a marginal rate, fish give up the patch, and begin to search other prey 
patches regenerating a school. When a fish school of size N forages in a given time T, e.g., 
one day, fish spend the time ANT feeding in patches. The total traveling time between patches 
amounts to T - ANT.  Letting QN be the long-term average rate of per capita food intake, the 
total hunting time inclusive of handling time in patches, ANT,  is expressed as QNT/7 ,  where 
the average capture rate in a prey patch, 7, is assumed to be fixed constant. It is assumed 
that a school unites with another one according to the chances of collision of two schools while 
traveling from one prey patch to the other. The probability of fusion of two schools in a unit 
traveling interval is supposed to be independent of the school sizes. Therefore, the probability 
of fusion in a foraging unit is proportional to the traveling time in a unit foraging time, i.e., 
(T - ANT) /T  = 1 - QN/7.  On the other hand, a school may split not only while traveling, but 
also when leaving depleted prey patches. Then the probabilities of fission of a school in a unit 
traveling interval and of a school eaving a depleted patch are supposed to be independent of the 
school sizes. Therefore, the probability of fission in a foraging unit is simply assumed to depend 
linearly upon the frequency of encountering prey patches, i.e., (ANT/ tN) /T  = QN/TtN,  where 
tN denotes the average time spent feeding in a prey patch, as well as upon the traveling time in 
a unit foraging time, i.e., (T - ANT) IT .  Thus, the probability of fusion or fission of an N-fish 
school in a foraging unit is expressed as O~trav(T- ANT) /T  + a leav(ANT/tN) /T ,  where atrav and 
altar are constant parameters. The probability that a fish is continued in the school of size N 
during a time interval t is then given by 
where ~ is a specific time interval to fusion or fission of schools which may be determined by fish 
population density in the sea-area. 
Thus, the persistence probability wN(t) for foraging schools is determined by the long-term 
average rate of per capita food intake QN. In the following section, the QN will be formulated 
in relation to environmental productivity by quantifying the complicated foraging path of a fish 
school and by inquiring the forage function of schooling. 
3. SPECULAT IONS ON THE UNDERLY ING PROCESS 
Quant i fy ing the Movement  Path  of Foraging School 
Considering a fish school whose social size is N moving in the two-dimensional space, we have 
the following stochastic dynamical equation for the centroid motion of the school [6]: 
-~ = ~ 1 - 4 V - +¢/3V2V + ~(t), (14) 
where individual fish swim at steady speed ~-1/2 in the school; J represents he tendency of 
parallel swimming with each other; n-1 is a microscopic time scale which is of order of the 
relaxation time of individual motion. Note that the number "5" included in the corresponding 
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formula having been developed for the three-dimensional case in the referenced paper [6] is 
changed to "4" because in the current paper the two-dimensional movement is considered. Owing 
to individual erratic behavior the centroid velocity V fluctuates. A 6-correlated fluctuation of 
movement is introduced into the equation of motion 
2e 
(V(t)) = 0, (V ( t )~( t ' )}  = ~6( t  - t ') I ,  (15) 
where e denotes the measure of fluctuation, I is the 2 by 2 unit matrix, and the bracket (.) the 
Gibbs' ensemble average [4]. Here we consider the case of (1 - 4Ze/J) > 0 for polarized school. 
The following general formulas associated with the movement of a school as entity can then be 
derived. The most probable centroid speed, i.e., cruising speed of a school, is 
which was estimated at about 50 cm • s -1 for Japanese sardine (Sardinops melanosticta) schools 
foraging in the sea off the northeastern coast of Japan [7]. The mean-square centroid velocity in 
steady state is 
<V }st---- ~ 1 - -4  qt_ (17) 
(1 - 4Z /J) 
The fish school has a tendency to continue moving in the same direction in time TN: 
2 
(v (is) 
TN =- 2e/N ' 
which is called a persistence time (see Appendix B for derivation). 
If we look at their movement path on a spatial scale which is large enough (i.e., much larger 
temporal-scale motion of a school than that in time TN) , it will appear rather as a random 
walk. More generally, ignoring details smaller than a certain characteristic length IN (called the 
persistence l ngth of the movement path) which is provided by 
i N -~ TN~iV2>st, (19) 
we see a random walk. Let us imagine that a school released from the point r0 at a time t = 0 
reaches the point rt after t time has elapsed. Taking the average square of the total displacement 
Rn - rt  - r0, we then have 
= 21 --2t, (20) 
TN 
for temporal scales t >> TN (see Appendix C for details). Hence, at spatial scales Rt >> lN, we 
can regard the fish school's movement as the diffusion or the random walk. Whenever the total 
length Lt of the movement path in time t is much larger than IN, we can chose a magnification 
which is weak, so that the portions (of order of the spatial scale lg) where the correlation of 
sequential movements persists are too small to be seen, but which is still strong enough to ensure 
that the whole path is not reduced to a point in a feeding area. 
Forage Funct ion  of  Schoo l ing  
When a pelagic fish school of size N forages in a given foraging time T (T >> TN) , the traveling 
distance LT--ANT amounts to Vc(T -  ANT) ,  which is much larger than the persistence l ngth lg. 
Then, the movement path of a school searching for food in the absence of any landmark is 
regarded as the random walk. Considering the Gibbs ensemble of fish schools of size N, we have 
the mean dispersal area (R3r_Z~NT) in the foraging time T, providing that the number density 
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of prey (plankton) patches in the feeding area, c, is much lower than IN 2. Thus, we see that the 
search path of migratory fish school statistically extends up to an average radius (P~_z~T)  I/2. 
Because T - ANT ~ "rN is assumed, L2T_ZXNT >> (P~_aNT) holds. Therefore, the search path 
L 2 2 intersects itself at the rate proportional to T_ZXNT/(P~_A~T), which is given by mean field 
treatment. The self-intersection rate depends inversely upon school size. 
The foraging efficiency SN is defined by the encountering rate with prey patches. When a fish 
school explores the feeding area, it cuts a swath through the water of bN wide, which is supposed to 
be comparable with the school's dimension perpendicular tothe direction of movement providing 
that the visual range is much smaller than the dimensional size of school. Therefore, the SN is 
proportional to the number density of prey patches times net area swept by a fish school per 
unit period. The total sweeping area of the search path, however, involves overlap, i.e., self- 
intersections. The effective sweeping area of the search path is exclusive of self-intersections, 
because there is supposed to be no food in the sites which the school revisits, providing that 
exploited prey patches do not recover in time T. Because the overlapping area of a search path 
is proportional to the number of its self-intersections, the searching efficiency is given by 
" ] r -~ , , r  (T - ANT) -~, (21) SN -- cbN LT--Z~NT -- V (p~_~,NT }
where v is the self-intersection parameter. Because the overlapping area is supposed to be much 
smaller than the total sweeping area of the search path, equation (21) is represented as
SN = cbNVcexp ( - -~lg ) . (22) 
Here the swath is assumed to be given by 
bN = bN ~, (23) 
where b is a constant factor and 0 < v < 1. 
The per capita gross revenue is supposed to be proportional to the foraging efficiency SN. 
Letting qN denote the per capita gross revenue while in a patch, the per capita gross revenue is 
expressed as 
QNT = SN(T - ANT)aN, (24) 
providing that each prey patch has initially an equal amount of food. The time spent feeding in 
a prey patch is proportional to the per capita gross revenue in a patch, i.e., t, N = qN/~[ .  Hence, 
the total time spent feeding in the foraging time T is given by the total number of encountering 
prey patches in the time T times tg. Then we have 
ANT = tNSN(T -- ANT).  (25) 
Thus, the long-term average rate of per capita food intake is given by 
QN = SN (1 + tNSN) -1 aN. (26) 
The prey population in one patch decreases by predation. A time t after an N-fish school 
encounters a plankton patch, ¢(t) preys in the patch survive predation. Then ¢(t) is supposed 
to decrease according to the statistical law 
de(t) = -~Nf (N)~( t ) ,  (27) 
dt 
which, integrated, gives ¢(t) --- ¢0 exp [ -ANf(N)t] ,  where A is a rate constant, f (N)  represents 
the social interference (i.e., competition or cooperation) among fish in one school which is a 
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function depending only upon the school size, and the virgin patches are supposed to be composed 
of O0 prey population. The survival aw (27) holds in the case of preys involved in a continuous 
battle with the predators, where a certain percentage is eaten every moment. For the time to 
use one patch, tN, --~(tN)/N = Q-~p holds because of the "marginal value theorem" [8], which 
states that the predator should leave the patch it is presently in when the marginal capture rate 
in the patch drops to the average capture rate for the feeding sea-area. Then the per capita food 
intake while in one patch and the time to use one patch are given by 
o0 - o(tN) o0 ( 
qN ~ N = -~ .1 Af(N)Oo) " (2s) 
and 
1 aI(N)O0 ' 
respectively. 
Consequently, the long-term average rate of per capita food intake is given by [ ]' 1-" exp(v/2lN) + 1 (aO) 
Although the mechanistic model for the QN has made numerous assumptions and is highly sim- 
plified, it allows insight into the physico-biological relation between ichthy-ethology and marine 
oceanography, concerned with the patch dynamics of plankton. 
4. F ITT ING THE MODEL TO DATA 
Now exploiting equation (13), we can write down the persistence probability of an N-fish 
school: 
wN(t) = 1-- tN ]J ' (31) 
providing that limN-.0 WN(t) = 0. From equation (12), the stationary size-frequency distribution, 
i.e., the probability density of finding schools of size N (equation (10)) takes the form 
[{ }( W(N) A[ 7N l-" exp(v/21N) + 1 exp N = -N coo (1 - Q-~p/AOo) bVc ~ , (32) 
where the neutral model (f(N) = 1) is investigated, and it is assumed that the upper limit to 
school size 
NMAX-- O-----°° (1 QNP) (33) 
Olleav~ ~O0 
is much larger than the mean school size Np. 
Data of dimensional size-frequency distribution from Hara [9] are fitted to equation (32), as 
shown in Figure 1, through the least-squares method for statistical nalysis (SALS System Version 
2.4) [10]. He observed the vertical thickness RN of Japanese sardine (Sardinops melanosticta) 
schools in the feeding area. Steadily moving schools took the ribbon-like shape, which extremely 
elongated perpendicularly to the direction of movement, with the typical dimensions 100-150 m 
in elongation, 15m in breadth, and 3.8m in vertical thickness [11,12]. Then the exponent v
for a swath (23) is supposed to be one for the elongated school [13]. The dimensional size of 
school, RN, is supposed to depend upon the social size of school as follows: 
RN = RN ~, (34) 
where the exponent a is evaluated at 0.5 from a mechanistic theory for geometric properties of a 
fish school [13]. The mean social size of Japanese sardine schools in the sea off the northeastern 
coast of Japma in summer, -l~w(- ~°~= 1NW(N)) ,  was of the order of 106 fish [14]. Then the 
prefactor R is of the order of 10 -3 m. 
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Figure 1. Size-frequency distr ibut ion of foraging fish school. Japanese sardine 
(Sard inops  melanost i c ta )  Schools were observed with echo sounding by Haxa [9] in 
the  sea off the  northeastern coast of Japan from August  27 to 30, 1981. Data  are 
fitted to equat ion (32) (providing that  y = 1 for equation (23) and that  a ---- 0.5 
for equat ion (34)) by using the least-squares method.  The  most  probable dimen- 
sional size and the upper l imit to vertical thickness are evaluated at RNm = 2.2m 
and RNMAX ---~ 10.0 m, respectively. The parameters  of model are given as follows: 
~/ '~ = 4.0; oqeavcbVc = 4.0 × 10-2; veR2/ (V2)  3/2 = 1.8m 2. 
5. DISCUSSION 
The most frequently observed size of schools fulfills the condition ow = O, which leads to 
/V2~3/2 
Nm -~ (35) 
1 +~°0 (1 -  q~/~°0)~ex~ ( -v /~) /~ '  
providing that Nm (< NMAX, where the neutral condition ( f (N)  = 1) and u -- 1 for swath (23) 
were assumed. The results suggest hat changes in food supply will cause changes in most 
probable school size; i.e., the most frequently observed size in theory becomes larger in less 
productive nvironments. Hence, the annual, seasonal, or regional changes in food supplies need 
to be considered when examining the changes in observed school size with year, season, or area. 
Moreover, when we examine fishery statistics uch as CPUE (catch per unit effort), and assess 
the fish population size, we need to consider the environmental productivity. The predictions, 
however, seem to contradict the results from a simple energy-balance model of fish school size 
developed by Duffy and Wissel [15]. They elucidated that fish schools could in theory become 
smaller in less productive nvironments. 
Schooling fish find food faster in patchy environments, i.e., reduced self-intersections of a 
movement path as equation (22) and increased swath as equation (23), but the energy expenditure 
for a unit revenue aunit foraging time (i.e., specific energy cost) increases with school size as well, 
because of taking the trouble to break up a school for exploiting patches and to regenerate a school 
for searching other patches, or because of intraspecific competition. The energy cost is supposed 
to depend linearly upon the frequency of encountering prey patches. Then the long-term average 
rate of per capita net energy intake, F(N) ,  is given by 
ANT/ tN  = QN 1 (36) 
F(N)  =- QN - acost T 7tg ] ' 
where acost is a constant factor. The foraging behavior of animals has presumably been so 
adapted by natural selection that their rate of net energy intake is optimal. Here the school size 
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is investigated as the outcome of optimizing the revenue, assuming that each individual in a school 
always attempts to maximize the net revenue and that foraging is a prime selective constraint 
on individuals. Then we expect hat the persistence probability wg(t) depends upon the school 
size N only through the net benefit F(N). Comparing equation (31) with equation (36) links 
the persistence probability to the net benefit. We then find that acost -- aleavT, and accordingly 
that 
P(N) = Z -1  , (37) 
which tells that most individuals engage in schools of the optimal size which maximizes the net 
benefit. 
Since the meeting chance of schools depends on the fish population density, the size distributions 
are likely to be set by fish population size in a feeding area. Because of equation (13), we may say 
that ~ is the average time between the successive collisions of a school with other schools. Faced 
with an increase in fish population, ~ shorten, and vice versa. Then we connect he stationary 
size-distribution pattern with the population size in a feeding area. The most probable size Nm, 
therefore, becomes larger as the fish population size becomes larger. 
APPENDIX  A 
Equation (3) in the main text can be written as 
dNp(t) - -  O0 -- irh(N)p +-Np(t)~n(N)p + ~ Nm(N,N')P(N',t) --Np(t)rh(N)p. 
dt N,N'=I 
Providing that P(N, t) is strongly peaked at N = Np(t),  expanding rh(N) into a Taylor series 
around Np(t) yields 
Nrh(N)p = N [Th (-Np(t)) + ~' (-Np(t)) (N - -Np(t)) +... ] p 
= -Np(t)rh(-Np(t)) + a2p(t)rh'(-Np(t)) +... , 
and 
7h(N)p = ~ (-Np(t)) + rh' (-Np(t)) (N - Np(t) )p +. . . .  
Equation (4) in the text is then obtained, where ~(t) is given by 
~(t) = ~ IN -  Np(t)] m(N, NP)P(N ',t), 
N,N~=I  
which is supposed to represent fluctuations around the systematic evolution of Np (t), providing 
that the size distribution of schools is sufficiently near the stationary state. 
APPENDIX  B 
Equation (14) in the main text is formally solved as follows: 
V( t )=exp( fo ta ( i -4 -~-~(V2( t ) ) )  dr'} 
Exploiting equation (15) in the text, we find for the two-time correlation coefficient immediately 
(V(t) V(s)) = exp (t - s) 
(V2)st (V2)st ' 
for t > s, where the stationary process was assumed. This displays that an average time interval 
of changing direction of moving school is given by equation (18) in the text. 
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APPENDIX  C 
For the continuous travels, we designate the displacement of an N-fish school after a succession 
of small time intervals At as aj (j = 1,2, . . . ,M;  M =- t /At) .  For At << TN, each jth move aj 
takes VjAt, where Vj is the velocity observed at each jth beginning of the interval. Then the 
total displacement after M consecutive moves is given by Rt  = ~']~M 1 aj = ~-]M Yjmt" The j= l  
mean square of net displacement R  is then written by 
where CAt = exp(--At/TN). Now that 
C~;k I=M+2~-~-~C~-tk=M l+ l - - -~- t ] -2  (1 - -cM) ,  
j,k=l j=2 k=l 1 -- CAt 
for small At, the mean-square distance is given by 
Going to the continuous limit At --~ 0, we arrive at 
{ ( = _ 21 , 1 -exp  -E  
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